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Abstract
We study series of the stationary solutions with asymptotic atness properties in the
Einstein-Maxwell-free scalar system because they are locally equivalent with the exterior
solutions in some class of the scalar-tensor theories of gravity. First, we classify spherical
exterior solutions into two types of the solutions, an apparently black hole type solution
and an apparently worm hole type solution. The solutions contain three parameters,
and we clarify their physical signicance. Second, we reduce the eld equations for the
axisymmetric exterior solutions. We nd that the reduced equations are partially the
same as the Ernst equations. As simple examples, we derive new series of the static,
axisymmetric exterior solutions, which correspond to Voorhees's solutions. We then show a
non-trivial relation between the spherical exterior solutions and our new solutions. Finally,
since null geodesics have conformal invariant properties, we study the local geometry of the
exterior solutions by using the optical scalar equations and nd some anomalous behaviors
of the null geodesics.
1 Introduction
Recently, as natural alternatives to general relativity, the scalar-tensor theories have been
studied by many theoretical physicists. In these theories, the gravity is mediated not only by
a tensor eld but also by a scalar eld. Also, such theories have been of interest as eective
theories of the string theory at low energy scales [1].
Several theoretical predictions in the scalar-tensor theories have been obtained (see e.g.
Ref.[2][5]). It has been found that a wide class of the scalar-tensor theories can pass all the
experimental tests in weak gravitational elds. However, it has also been found that the scalar-
tensor theories show dierent aspects of the gravity in the strong gravitational elds in contrast
to general relativity (see e.g. Ref.[5]). It has been shown numerically that nonperturbative
eects in the scalar-tensor theories increase the maximum mass of an isolated system such
as a neutron star [2-5]. In these works, numerical methods play an important role, and, in
interpreting the numerical results, a static, spherical vacuum solution (a vacuum spherical
exterior solution) is matched to the numerical solution.
The vacuum spherical exterior solution is an analytic exact solution, and, as far as the






exterior solution corresponding to the Kerr solution must be of signicant interest. Motivated
by this fact, we study series of the stationary solutions with asymptotic atness properties
in the Einstein-Maxwell-free scalar system because, as summarized in Appendix A, they are
locally equivalent with the exterior solutions in some class of the scalar-tensor theories of














is a energy-momentum tensor of the Maxwell eld (see also Appendix A).
In this paper we rst classify spherical exterior solutions into two types of the solutions,
an apparently black hole type (ABH) solution and an apparently worm hole type (AWH)
solution. We then clarify physical signicance of the parameters contained in the solutions
and show that the ABH solution and the AWH solution correspond to, respectively, the mass
dominant case and the charge dominant case of the Reissner-Nordstrom solution. Second, we
reduce the eld equations for the axisymmetric exterior solutions and show that the reduced
equations are partially the same as the Ernst equations. As simple examples, we derive new
series of static, axisymmetric exterior solutions, which will be referred to as scalar-tensor-Weyl
solutions. We then show a non-trivial relation between the spherical exterior solutions and
our new solutions. Finally, we study the local geometry of the exterior solutions by using the
optical scalar equations and nd some anomalous behaviors of the null geodesics.
2 Spherical exterior solutions
2.1 Classication of the exterior solutions
In this section, we derive static, spherically symmetric exterior solutions with the electric



































where the integration constant, Q, is an electric charge.



















































































One nds two types of the solutions to (2.5), which are referred to as an apparently black hole














( 1 <  <1); (2.6b)
where a is an integration constant.
When a 6= 0, the equation (2.4d) is integrated as






























and c are integration constants [2-5].














where b is an integration constant, and  is 1 in the ABH solution and  1 in the AWH solution.
































 ! b  a  0: (2.10b)
Since e

 ! 1 as   ! 1 in the asymptotically at spacetime, with (2.8), we obtain the






That is, the AWH solution is charge dominant, and no AWH solution exists when Q = 0.
2.2 The ABH solution






































In the limit, Q ! 0, the solution coincides with the previously known solution [2-5]. In the
















When a = b, i.e., c = 0, the Just coordinate, , is related to the Schwarzschild coordinate,
r, as




















































































, when a = b.


























< 0. Moreover, we nd that the cases,
 = 0,  = a and  = 
B
, correspond to, respectively, the cases, r = r
 
, r = r
+
and r = 0
when a = b and that the null surface,  = a, becomes a singularity when a > b.
2.3 The AWH solution






































As mentioned previously, the AWH solution does not exist when Q = 0.
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which is a negative mass solution and should be discarded as an unphysical exterior solution.











































spacetime and has a naked timelike singularity, r = 0, when a = b.
















































The AWH solution has a naked timelike singularity at  = 
W
. That is, the AWH solution
does not have a worm hole, and the asymptotic region dened by !  1 does not exist.
3 The Ernst equations in scalar-tensor theories





. It is shown that the energy-momentum tensor, T





























'. Accordingly, with the






















where the metric functions,  ;  and !, are functions of x
1
  and x
2
 z.



























































































































' = 0; (3.3f)




































In Ref.[8], one will nd the explicit forms of the metric function, !, and the Maxwell eld in
terms of the complex potentials, E and . Note that the rst, second and third equations
are the same as those in general relativity and are referred to as the Ernst equations of the
Einstein-Maxwell system. The remaining equations contain the scalar eld contributions, and,
as for the metric functions, eects of the scalar eld only appear in .
6
4 Scalar-tensor-Weyl solutions.
4.1 The reduced Ernst equation
In this section, we shall consider static, axisymmetric vacuum exterior solutions. In this
case, ! =  = 0, and the eld equations (3.3a)(3.3f) are reduced to the following:
e
2 
= E ; (4.1a)
Er
2







































' = 0; (4.1e)
where E is a real function. One nds that the Ernst equation (4.1b) is reduced to
r
2
 = 0: (4.2)
That is, ' and  are harmonic functions.








z = xy; (4.3b)
where  is a positive constant, and  = 1. The cases,  = 1 and  =  1, are referred to as





















The similar equation holds for '.
4.2 Prolate solutions









































































































Note that, though  and ' are y-independent,  depends on both x and y. The metric
contains two parameters,  and . Now we show that the metric is reduced to the previously
known one when we take specic values of the parameters. When  = , i.e., d = 0, the metric
is reduced to one of the Weyl series of the solutions in general relativity (Voorhees's prolate
solution [9]). Therefore, we refer to (4.9) as the scalar-tensor-Weyl solution. Voorhees's prolate
solution contains the Schwarzschild solution as a specic case,  = 1, and the Schwarzschild




  1; y = cos ;  = m; (4.10)
where m is a usual mass parameter.
The case,  = 1, is the most interesting one. We introduce new parameters, a, b and c,















  1; y = cos : (4.12)











































Moreover, when  = 1, i.e., a = b, the solution is reduced to Schwarzschild's one.
The right hand sides in (4.1c) and (4.1d) are in the forms of the superposition of the
contributions of  and '. It is important to note that the superposition of the eectively non-
spherical  -terms corresponding to Voorhees's prolate solution with  6= 1 and the spherical
conguration of ' reduces to the solution containing the spherical exterior solution. When the
spherical scalar eld conguration is added to the  -terms corresponding to Voorhees's prolate
solution with  = 1, namely the Schwarzschild solution, we cannot have spherical solutions
unless a = b. The relation among these solutions is schematically shown in Figure 1. The
scalar-tensor-Weyl solution generically has a singularity, x = 1, whose topology is S
2
, and
qualitative features of the singularity may be similar to those in Voorhees's prolate solution.
When  = 1, the singularity, x = 1, becomes a point, which is given  = a in the Just
coordinate. Moreover, when  =  = 1, the topology of  = a, corresponding to the event




Figure 1: A schematic picture of series of the scalar-tensor-Weyl solutions.
4.3 Oblate solutions
The simplest oblate solution for  is given by
 =   arccotx; (4.14)
where  is an integration constant. The similar solution for ' is given by
' = '
0
+ d  arccotx; (4.15)
where '
0







































































When  = , the metric is reduced to Voorhees's oblate solution. In contrast to the prolate
case, the oblate solution is not reduced to the spherical exterior solutions for any  and .
5 Local behaviors of null geodesics
5.1 The spherical exterior solution
In this section, we examine local behaviors of irrotational null geodesics in the spherical





















































where the mass function, m(r), can be interpreted as a local energy [10]. One immediately
nds that m(r) becomes negative when (a+ b)
2
=4b >  > a. Therefore, one may expect that
there will be signicant dierence not only in the global causal structures but also in the local
geometry, depending on whether a is equal to b or not. However, we will nd that it is not
the case and that local behaviors of null geodesics signicantly depend on whether a is greater
than 2b or not.
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Due to the conformally invariant nature of null geodesics, we consider null geodesics in
the spacetime with a metric, g  A
 2
^






=dv be null geodesic
associated with
^
g with the ane parameter, v. Hereafter, a hat denotes geometrical quantities
associated with
^
g, and the corresponding geometrical quatities associated with g are denoted































Since the local geometrical nature of the spacetime is described by the Riemann curvature, it
is important to examine optical scalars of the irrotational null geodesic congruence dened by














































































The optical scalar equations are also conformally invariant, and we dene the following quan-
































































is the Weyl curvature.
First, we examine circular orbits of null geodesics in the Just coordinate. Without loss of










































where a dot denotes a derivative with respect to the ane parameter, , and E and L are
integration constants. The circular orbits are determined by the conditions that _ = 0 and
dV=d = 0. We nd that the circular orbit is obtained as  = 
C
 (a+2b)=2 for a < 2b, and
that, surprisingly, no circular orbit exists for a  2b in contrast to the case in the Schwarzschild
spacetime.
Dyer [12] has obtained general solutions to the optical scalar equations (5:6) in the general
static, spherically symmetric spacetime, and we summarize his results in Appendix B. In the
static, spherically symmetric spacetime, one nds that the Weyl driving term, F , and the








=   ; (5.8)
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= (R F )C

: (5.9)

































































f6b  (a+ b)(a+ 2b)g ;
(5.10)
where h = L=E is an impact parameter, and the ane parameter, , is chosen such that E = 1.
It is immediately found that the Ricci driving term, R, vanishes at the perihelion where k
1
= 0.
A particularly interesting case is the circular orbit on which k
1
= 0 identically. If F vanishes on
the circular orbit, the image shape of an innitesimal light ray congruence remains unchanged.
The condition, F = 0, is reduced to  = 
F
 (a+ b)(a+2b)=(6b) for a > 2b. When a < 2b, F
is strictly positive. Since the circular orbit exists only when a < 2b, the condition, R = F = 0,
is never satised on the circular orbit. However, the condition, R = F = 0, can be satised at
 = 
F












) = F (
F
) = 0: (5.11)
That is, the gravity eectively vanishes at 
F
in this sense.
In summary, we have found that local behaviors of null geodesics signicantly depend on
whether a is greater than 2b or not. When a < 2b, the behaviors are similar to those in the
Schwarzschild spacetime. That is, the circular orbit exists, and the Weyl driving term, F , is





















































































































































General solutions to (5:9) with (5:10) can be obtained by Dyer's formula (Appendix B.1),
however, we have only examined quantitative behaviors of the Ricci and Weyl driving terms,
R and F . Further quantitative studies of the solutions and their astronomical applications,
especially the implication to gravitational lens eects, will be discussed in the forthcoming
paper.
5.2 The scalar-tensor-Weyl solution
It is dicult to study generic null geodesics in the scalar-tensor-Weyl solution. Therefore,

























































a dot denotes a derivative with respect to the ane parameter, , and E and L are integration
constants. The circular orbits are determined by the conditions that
_
W = 0 and dV=dx = 0.
We nd that these conditions are reduced to x = x
C
 2. Since x should be larger than unity,
the circular orbit exists when  > 1=2.


































































































where h = L=E is an impact parameter. One nds that they are reduced to (5.10) when 
2
= 1.
We show R and F in Figure 2. In particular, we nd that both R and F simultaneously vanish









<  < 1: (5.18)
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A Summary of the scalar-tensor theories
We shall consider the simplest scalar-tensor theory [2   4]. In this theory, gravitational
interactions are mediated by a tensor eld, g^

, and a scalar eld,
^
. Hereafter, a symbol, ,^
denotes quantities or derivatives associated with g^













































represents matter elds, and S
matter
is an action of the matter elds. The scalar eld,
^





. Varying the action by the tensor eld, g^

, and the scalar eld,
^
, yields,

















































































Now we perform the following conformal transformation to the unphysical frame (the Ein-
















where G is a bare gravitational constant, and A(') is referred to as a coupling function. Then









































Varying the action by g

























2' =  4G(')T; (A.9)
where T

































































Further properties of the Maxwell eld under the conformal transformation are found in Ref.[7].
In this paper, we adopt the unit, G = 1.
B Analytic solutions to the optical scalar equations
B.1 Static, spherically symmetric spacetime
In this Appendix, we summarize the analytic results obtained by Dyer [12]. A metric of

















where A, B and C are functions of r. The null tangent vector, k

, to a null geodesic in this























where a constant, h, is an impact parameter, and we assume that the geodesic is on the  = =2
plane without loss of generality. The complex null vector, t
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where a prime denotes a derivative with respect to r. Then the Ricci and Weyl driving terms,
R and F , in (5:6) are evaluated as


















































































=   ; (B.5)







= (R F )C

: (B.6)


































































B.2 Static, axisymmetric spacetime




















where metric functions, , ,  and , are functions of x and y. The tangent vector, k

, to a

























where a constant, h, is an impact parameter. The complex null vector, t
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